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Abstract 



. Using radiative corrections and seesaw mechanism, we derive analytic formu- 



las for neutrino masses at low energies in SUSY unified theories exhibiting a 

new hierarchial relation, for the first time, among them. The new hierarchy is 

found to be quite significant especially for smaller values of tan (3. 
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Typeset using REVTgX 



Unification of gauge and Yukawa coupfings in supersymmetric grand unified theories and 
their predictions have received considerable attention over the last decades [1-4] . In addition 
to solving the well-known gauge hierarchy problem, SUSY unified theories based upon = 1 
supergravity, or originating from superstrings, provide an elegant method of unification with 
gravity. Independent of these, the problem of neutrino masses has intrigued experimental 
as well as theoretical physicists since more than sixty years. If a unified theory, based upon 
supergravity or superstrings, is to be accepted as the ultimate fundamental theory of nature, 
fermion masses including those of neutrinos have to emerge as necessary predictions of such 
a theory. The simplest and the most elegant method of obtaining neutrino masses is through 
seesaw mechanism [5] leading to the Majorana masses of left-handed neutrinos: 
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rfi. 

m., = a,^, i = 1,2,3 (1) 

where Vi{i = 1,2,3) = (i^e, i^//, i^r) and mj(i = 1,2,3) = (m„, mc, mtop)- With C^. ~ 1, the 
canonical seesaw formula is valid at the scale (// — Mx) where, due to spontaneous symmetry 
breaking, a higher gauge symmetry such as SUSY SO (10), or one of its intermediate gauge 
groups, breaks down to the SUSY standard model and the right-handed Majorana neutrinos 
acquire mass Mat ( assumed degenerate). But the limits on neutrino masses extending over 
wide range of values, are estimated either from cosmology or experimental measurements 
like tritium /3-decay, neutrinoless double /9-decay, solar and atmospheric neutrino fiuxes and 
neutrino oscillations at LSND [6]. Therefore, it is of utmost importance and considerable 
interest that accurate predictions of the seesaw mechanism are made available at low en- 
ergies. For the first time, Bludmann, Kennedy and Langacker (BKL) [7] found that C^^s 
deviate drastically from unity due to radiative corrections. Very significant refinements using 
semi-analytic and numerical methods, including rcnormalisation of Yukawa couplings and 
neutrino-mass operator, have been carried out in SUSY [8] and nonSUSY SO(IO) [8-9]. In 
this work, we derive low-energy formulas for neutrino masses, analytically, in SUSY unified 
theories demonstrating,for the first time, the existence of a new hierarchial relation among 
them. We also estimate the impact of such a new hierarchy on neutrino-mass ratio predic- 
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tions for interesting regions of tan (3 corresponding to t — b — r and b — r Yukawa unification 
models. In the small tan (3 region the mass ratios are found to be very significantly dependent 
upon tan/?. 

The derivation of analytic formulas is carried out using the renornalisation group equa- 
tions (RGEs) at one-loop level for gauge couphngs {gi{t) , i — 1,2,3), Yukawa couplings 
{hi{t)) [8,10-12], neutrino mass operator {K{t)) [8] and vacuum expectation value (VEV) of 
u-type Higgs doublet (K(^)) [H] in SUSY standard model embedded in GUTs like SO (10) 
without [3,10-12] or with an intermediate gauge symmetry [4], 
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6hl^ + 2hl - ^gl - 6gl 
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In eqs.(2)-(8), i = 1, 2, 3 correspond to the gauge groups U{1)y, SU{2)l, and SU{3)c of 
the SUSY standard model assumed to hold for /j, > mtop — Msusy- The variable t = In is 
the natural logarithm of the scale parameter /x. We include scale {t — In /x) dependence in 
the Yukawa couplings [8,10-12] as well as the vacuum expectation value [11] in the definition 
of the quark masses, 

hu,cAuv{f)^'a{f) 



m 



u,c,top 



it) 



V2 



(9) 



Using eq.(9) and evolving K from the higher mass scale fi = Mx to = /iq = mtop, the 
renormalized coefficients in the seesaw formula are. 
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(11) 



where — In mtop and — InMx- It is to be noted that, the running VEV[11] cancels 
out from in eq.(ll) yielding the same renormahzation as noted in ref.[8]. Now using RGEs 
(2)-(8), we obtain in a straight forward manner. 



a.(to) = i?(to)e(^'*-+''''-''^) 
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(15) 



In evolving the masses and gauge couplings to scales below //q = n^'top, we ignore negligible 
contribution to C^,. between the scales Mz and mtop- Below /j, = Mz {t^ = InM^), the 
renormalisation of the quark masses, rric and m^, occur due to the presence of the gauge 
symmetry SU{3)c x U{l)em leading to well-known QCD-QED rescaling factors [11], 

mu{0) rricitc) 
Vu - TTT , Vc - — 7TT- (16) 



We then obtain 



muito) ' " mdto)' 
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where 



C.,{Q = !^e-«' (19) 



'I 



C 



C.M-^e-'^^ (20) 

In eqs.(16)-(20), tc — In mc and ti — In/ii — for /ii — IGeV. The quantities in the 
R.H.S. of (12) have neghgible contributions due to renormalisation effects carried down to 
lower energies, fi = fii = IGeV {t = ti = 0) although those in (13) change significantly. 
Combining eqs.(10)-(20), we obtain the low energy formulas for the left-handed Majorana 
neutrinos of three generations, 

m,^ ^ Re(^'^o,+2i,-2U)!<>P (21) 



m..-'^.^-''^'^ (22) 



5 



where R — R{to) as defined in (14) and the masses occuring on the R.H.S. are the low-energy 
values. The formulas (21)-(23) predict low energy values of neutrino masses, analytically ,m 
a large class of SUSY unified theories including SO(IO) which can be compared with the ex- 
perimental values. If the right-handed neutrino masses are nondegenerate,these formulas can 
be easily generalised by replacing by Mj^^. for the ith generation in eqs.(21)-(23).But in- 
dependent of any assumed value of the degenerate right-handed neutrino mass ,the formulas 
predict a new hierarchial relation, 

m^^ : m^^ : :: m^^p exp(6/top + 24) 

: {ml/rf,) : {mlhl) (24) 

Using the experimentally observed values of the quark masses m„, rUc and mtop = 174GeV, 
the CERN-LEP measurements, and riu and rfc [12], we have evaluated the central values 
and uncertainties of Cy^ {i = e, ji, r), for different values of tan (3 = the ratio of VEVs of 
the ti-type and d-type Higgs doublets. The details of such analyses and their aapplications 
to different SO (10) models will be reported elsewhere. It is quite clear that the low-energy 
predictions on neutrino masses depend crucially on the nature and values of Yukawa cou- 
plings between mtop and Mx.For example,if the Yukawa couplings increase at faster rate in 
certain GUTs,which may occur due to appearance of new degrees of freedom at higher mass 
scales ,the new contributions to integrals over squares of Yukawa couplings , are likely to 
predict neutrino masses different from conventional SUSY SO(10).However,here we confine 
to numerical results on the relative hierarchy between m^,^ and m^,^ or niu^ in conventional 
SUSY GUTs, which doe not depend upon the arbitrariness on Mjv , 

^2g(6W+24) (25) 
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It may be recognised that the second and third factors in the R.H.S. of (25)-(26) are due to 
radiative corrections from Mx down to low energies, corresponding to the ratios, 
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^ ^ ^2 g(6/top+2/6) 



^2g(6/,op+24) (27) 



For larger values of tan /3 corresponding to i — 6 — r Yukawa unification in supergrand 
desert models, the Yukawa couplings at the GUT scale and hence the values of /(, ,7^, and 
/top change slowly with tan/3. The value of exp [6/top,] almost remains constant giving rise 
to CyjC^^ ~ 15 - 20 and m^Jm^^ ~ (2 - 3) x 10^° for tan/3 = 10 - 59.As compared to 
the BKL value[7] of m^^/mnue — 9-2 x 10^, the enhancement in the hierarchy in this region 
is only 2-2.5. But as tan (3 decreases and approaches the value of 1.7, as in & — r unification 
models with a super grand desert, /ttop(-^x) and hence /top increase with the decrease of 
tan/3 while hh{Mx) , /^ and /^ are negligible. Thus,we find that, for smaller values of 
tan/3 ~ 1.8, /top = 0.4 and the ratio {mi/^/m^^) has a substantial contribution due to the 
rise of the top quark Yukawa coupling near the unification scale which leads to the central 
value of Cv^jCy^ ~ 83.6 and mv^jmv^ ~ 1.1 x 10^^. These may be compared the results of 
BKL[7] corresponding to Cv^jCi,^ ~ 7.6 and rriv^/mi,^ ~ 9.2 x lO^.Whereas in the large tan /3 
region,our enhancement factor is only 2-3,for smaller tan/3=1.8,the enhancement factor ia 
as large as ~ 10. Similar features arc also noted in intermediate scale SUSY SO (10) model 
corresponding to Mx — lO^^GeV where the intermediate gauge symmetry breaks down to the 
standard gauge group giving large mass to [4]. When the ratio mjj^/my^ is examined as 
a function of tan /3, similar type of enhancements are noted. For example, in the supergrand 
desert type models {Mx ~ 2 x lO^^GeV), C^JC^^ ~ 65 and m^Jm^^ ~ 1.2 x 10^ for 
tan /3 = 1.8, exhibiting an enhancement of hierarchy by a factor ~ 15 over the BKL value[7] 
of my^jmy^ ~ 8.1 X lO^GcV.Thc details of evaluation of neutrino masses and mass ratios 
including uncertainties, as a function of intermediate scales and tan/3 would be reported 
elsewhere. 

In summary we have obtained analytic formulas for left-handed Majorana- neutrino 
masses at low energies demonstrating, for the first time ,the existence of a new hierarchy 



between the neutrino masses which depends quite significantly upon tan /3 in the region of 
smaller values of this parameter. These results hold true in a large class of models including 
SO (10). We suggest that these formulas be used while estimating neutrino mass predictions 
in unified theories with a degenerate right-handed Majorana neutrino mass. The formulas 
can be easily generalised for nondegenerate right-handed neutrino masses. 

After this work was completed, the contents of ref.[13] was brought to our notice where 
the renormalization for rrii,^ has been discussed, but to prove the new hierarchy low energy 
formulas for all the three neutrino masses ,as demonstrated here,are essential. 
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